Analysis of laminated composites and sandwich structures by trigonometric, exponential and miscellaneous polynomials and a MITC9 plate element / M. Filippi ; M. Petrolo ; S. Valvano ; E. Carrera. with the elasticity solutions given in the literature and the layer-wise solution. It is shown that refined kinematic theories employing trigonometric or exponential terms are able to accurately describe the displacment field and the mechanical stress fields. In some cases, the reduction of computational costs is particularly relevant respect to the layer-wise solution.
Introduction
Composite plate/shell structures have a predominant role in many engineering applications. Structural models for composite plates must be able to deal with a number of physical effects such as anisotropy, shear deformation and interlaminar continuity of shear stress. Analytical, closed form solutions are available in very few cases. In most of the practical problems, the solution demands applications of approximated computational methods. The Finite Element Method (FEM) has a predominant role among the computational techniques implemented for the analysis of layered structures. Finite elements are usually formulated on the basis of axiomatic-type theories, in which the unknown variables are postulated along the thickness. According to published research, various theories for composite structures have been developed. They can be classified as: Equivalent Single Layer (ESL), in which the number of unknowns is independent of the number of layers, and Layer-wise approach (LW), in which the number of unknowns is dependent on the number of layers. The simplest plate/shell theory is based on the Kirchoff/Love's hypothesis, and it is usually referred to as Classical Lamination Theory (CLT) [1, 2] . The inclusion of transverse shear strains leads to the Reissner-Mindlin Theory, also known jected to a constant transverse uniform pressure are analyzed. The results, obtained with the different models, are compared with both exact solutions and higher-order theories solutions given in literature. This paper is organized as follows: geometrical and constitutive relations for plates are presented in Section 2. In Section 3, an overview of classical, higher-order and advanced plate theories developed within the CUF framework is given. Section 4 gives a brief outline of the FEM approach and the MITC9 method to overcome the problem of shear locking, whereas, in Section 5, the governing equations in weak form for the linear static analysis of composite structures are derived from the PVD. In Section 6, the results obtained using the proposed CUF theories are discussed. Section 7 is devoted to the conclusions.
Geometrical and constitutive relations for plates
Plates are bi-dimensional structures in which one dimension (in general the thickness in the z direction)
is negligible with respect to the other two in-plane dimensions. The geometry and the reference system are indicated in Figure 1 . Geometrical relations enable to express the in-plane k p and out-plane k n strains in terms of the displacement u:
The explicit form of the introduced arrays of the differential operators is: 
The stress-strain relations are:
where 
For the sake of brevity, the expressions, that relate the material coefficients C ij to the Young's moduli 
Carrera Unified Formulation for Plates
According to the CUF [18, 25, 26] , the displacement field can be written as follows:
In compact form:
where (x, y, z) is the general reference system, see Figure 1 , and the displacement vector u = {u, v, w} has its components expressed in this system. δu is the virtual displacement associated to the virtual work and k identifies the layer. F τ and F s are the thickness functions depending only on z. u s are the unknown variables depending on the coordinates x and y. τ and s are sum indexes and N is the number of terms of the expansion in the thickness direction assumed for the displacements.
Taylor Higher-order Theories
Many attempts have been made to improve classical plate models. The CUF has the capability to expand each displacement variable at any desired order. Each variable can be treated independently from the others ones according to the requested accuracy. This procedure becomes extremely useful when multifield problems are investigated such as thermoelastic and piezoelectric applications [27, 28, 29] .
In the case of ESL models, a Taylor expansion is employed as thickness functions:
For Taylor polynomials, the letter N indicates the number of terms of the expansion and the polynomial order. Following this approach the displacement field can be written as:
For example, the theory ET 2 refers to the following displacement field:
Classical models, such as the First-order Shear Deformation Theory (FSDT), can be obtained from an ESL theory with N = 1, by imposing a constant transverse displacement through the thickness via penalty techniques. Also, a model based on the hypotheses of CLT can be expressed using the CUF by applying a penalty technique to the constitutive equations.
Advanced Trigonometric and Exponential expansion Theories
If a trigonometric sine series plus a constant contribution is adopted, the displacement variables can be written as follows:
where h is the whole thickness dimension and n is the half-waves number. If the linear contribution is considered, the displacement expression is:
A similar description can be provided using a trigonometric cosine series:
and with the linear contribution:
A complete trigonometric series becomes:
If the linear contribution is considered:
If an exponential expansion is employed the displacement field is:
and adding the linear contribution:
Refined theories with Zig-Zag Models
Due to the intrinsic anisotropy of multilayered structures, the first derivative of the displacement variables in the z-direction is discontinuous. It is possible to reproduce the zig-zag effects in the framework of the ESL description by employing the Murakami theory. According to [30] , a zig-zag term can be introduced into equation (7) as follows:
Subscript Z refers to the introduced term. Such theories are called zig-zag theories. Following this approach the displacement field can be written as:
These refined theories can be obtained adding the zig-zag term to the Taylor polynomials expansions or the trigonometric and exponential ones.
Acronyms
A system of acronyms is given to denote the considered kinematic models. The first letters indicate the used approach in this work that is Equivalent Single Layer E. Sometimes a reference solution is
given with a layer-wise approach, the first letters become LW. The second letter indicates the kind of employed function, T for Taylor polynomials, S for sines expansions, C for cosines expansions. The number N indicates the number of the expansion terms (except the constant term) used in the thickness direction. The last letter Z is added if the zig-zag term is considered. If the Navier analytical method is employed the subscript (a) is used. The considered expansion are summarized in Table 1 . For example, the theory ET 1S2Z refers to the following displacement field:
4 Finite Element approximation and MITC9 method
In this section, the derivation of a plate finite element for the analysis of multilayered structures is presented. Considering a 9-node finite element, the displacement components are interpolated on the nodes of the element by means of the Lagrangian shape functions N i :
where u s j and δu τ i are the nodal displacements and their virtual variations. Therefore, equation (1) becomes:
where I is the identity matrix. Considering the local coordinate system (ξ, η), the MITC plate elements ( [31] - [32] ) are formulated by using, instead of the strain components directly computed from the displacements, an interpolation of these within each element using a specific interpolation strategy for each component. The corresponding interpolation points, called tying points, are shown in Figure 2 for a nine-node element. Note that the normal transverse strain zz is excluded from this procedure, and it is directly calculated from the displacements.
The interpolating functions are Lagrangian functions and are arranged in the following arrays:
Hereafter the subscripts m1, m2 and m3 indicate quantities calculated in the points (A1, B1, C1, D1, E1, F 1), (A2, B2, C2, D2, E2, F 2) and (P, Q, R, S), respectively. Therefore, the strain components are interpolated as follows:
where the strains xx m1 , yy m2 , xy m3 , xz m1 , yz m2 are expressed through equation (23) where the shape functions N i and their derivatives are evaluated in the tying points.
Governing FEM equations
The PVD for a multilayered plate structure reads:
where Ω k and A k are the integration domains in the plane and the thickness direction, respectively.
The left-hand side of the equation represents the variation of the internal work, while the right-hand side is the virtual variation of the external work.
Substituting the constitutive equations (3), the geometrical relations written via the MITC method (25) and applying the CUF (6) and the FEM approximation (22), one obtains the following governing equations:
where K kτ sij is a 3 × 3 matrix, called fundamental nucleus of the mechanical stiffness matrix, and its explicit expression is given in [33] . The nucleus is the basic element from which the stiffness matrix of the whole structure is computed. The fundamental nucleus is expanded on the indexes τ and s to obtain the stiffness matrix of each layer k. Then, the matrixes of each layer are assembled at the multi-layer level depending on the approach considered, for this work the ESL approach is adopted.
P kτ i is a 3 × 1 matrix, called fundamental nucleus of the external load. q ksj and δq kτ i are the nodal displacements and its variation respectively.
Numerical results
To assess the trigonometric and the exponential polynomial expansions the following reference problems have been considered in this section:
• A three-layer cross-ply square plate with lamination (0
• A two-layer cross-ply square plate with lamination (0 • /90 • )
• A four-layer cross-ply square plate with lamination (0
• A three-layer rectangular sandwich plate 6.1 Three-layer cross-ply square plate (0
A three layered cross-ply square plate with lamination (0 • /90 • /0 • ) and simply-supported boundary condition is considered. The applied load is:
where m = n = 1, see Figure 1 . The mechanical properties of the material are: E L /E T = 25 ;
The mechanical load amplitude at the top position is:p = 1.0. The results are presented for different thickness ratios a/h = 4, 10, 100, and reported in non-dimensional form:
Convergence and locking study
First of all, a convergence study on the plate element has been performed. A composite plate with thickness ratio a/h = 100, is evaluated. The Navier-type solution with a Taylor polynomials expansion of the 4 th order has been taken as reference solution. It can be noticed that, evaluating the transverse displacement w and transverse shear stress σ xz , the convergence is not depending on the different kinds of employed polynomials, see Table 2 . A mesh grid of 10 × 10 elements ensures the convergence. Then a locking study has been performed evaluating different types of integration methods [34] for the same plate structure to prove that the element is locking free, see Table 3 . The plate element with the MITC9 method leads to accurate results in terms of both transverse displacement and shear stress.
For thick and thin plates a/h = 4 , 100 the results are presented in Table 4 for various expansions.
The values of the transversal displacement w, in-plane stress σ xx and transverse shear stresses σ xz and σ yz are compared with the exact 3D elasticity solution [35] , the analytical solution calculated with a
Taylor's polynomial expansion of the 4 th order (ET 4 a ), and the FEM solution obtained with a LayerWise approach using a Legendre expansion of the 4 th order (LW 4).
For thin plates, a/h = 100, the following considerations are drawn:
• Regarding the transverse displacement w the exponential function (EExp4), the cosine expansion (ET 1C1) and its combinations with series of sine functions (ES4C4) are more accurate than sine functions (ES5), see • The in-plane stress σ xx is accurately described by all functions with or without the zig-zag term.
• For the transverse shear stress σ xz the sine and the exponential functions, with the linear contribution, are close to the Taylor polynomial series of the 4 th order, but at interfaces the continuity is not fulfilled. To overcome this problem, it has been employed the zig-zag function, see Figure 5 .
As expected the zig-zag term improves the results, this is true excepting for the cosine function, the sine, and their combination.
• The transverse normal stress σ zz is accurately described by the cosine function and its combination with the sine series, see Figure 6 . It can be noticed that the sine series and its combination with the linear contribution lead to a completely wrong description of the transverse normal stress.
For thick plates, a/h = 4, the following considerations are drawn:
• Regarding the transverse displacement w, the increase of the performance of exponential series, and the sine function instead of cosine ones is more evident than the thin case. Furthermore using the zig-zag term the results are very close to the exact solution, except for the cosine (ET 1C2Z), see Figure 7 . Moreover, it can be observed that the sine series (ES5Z, ET 1S3Z) predict a linear displacement profile, while the exponential expansion is the best approximation of the solution.
• The in-plane stress σ xx is not accurately described by the cosine function (ET 1C1), see Figure 8 .
It can be noticed that the Taylor results at the lower interface give a minor discontinuity. Only adding the zig-zag function the results strongly agree with the solution, see Figure 9 .
• For the transverse shear stress σ xz at interfaces the continuity is not fulfilled, see Figure 10 . Also in this case only the addition of the zig-zag term is able to improve the results, see Figure 11 .
Exept for the cosine series, all the employed functions can lead to good results. The discontinuity is very reduced and it is smaller than ones obtained by using Taylor polynomials.
• The transverse normal stress σ zz , unlike the previous case a/h = 100, can be described correctly by the sine series too, see Figure 12 . Adding the zig-zag term the results are closer to the exact solution, expecially the exponential expansion and the sine and cosine combination lead to very accurate results, see Figure 13 .
For the thickness ratio a/h = 10 the results are presented in Table 5 . The values of the transversal displacement w, in-plane stress σ xx and transverse shear stresses σ xz and σ yz are compared with the exact 3D elasticity solution and with different reference solutions taken in the literature. For moderately thin plate, the following considerations are drawn:
• Regarding the transverse displacement w, the exponential series, and in particular the sine functions are more efficient than the cosine series. Furthermore, using the zig-zag term, except the cosine (ET 1C2Z) and the sine series (ES5Z, ET 1S3Z), the results are closer to the exact solution.
• The in-plane stress σ xx is not correctly described as for thin plate a/h = 100, moreover the cosine function (ET 1C1) does not match the solution. Only adding the zig-zag function the results match the exact solution.
• For the transverse shear stress σ xz , also in this case, the addition of the zig-zag term to functions series is able to improve the results and to reduce the discontinuity. Execpt for the cosine series, all the functions employed can lead to accurate results.
• The transverse normal stress σ zz is not accurately described by sine functions, see Figure 14 , but this problem is reduced compared to the thin plate a/h = 100. The plates are simply-supported and different thickness ratios are studied. The geometrical and material properties are the same of the previous three-layer plate. The plate structures are loaded by the same bi-sinusoidal load pressure applied at the top surface.
For the 2 layered plate the results are listed in Table 6 . As expected, for thin plates, a/h = 100, all the functions lead to accurate results. Despite the transverse displacement w and the in-plane principal stress σ xx match the exact solution, the shear stresses σ xz and σ yz are not correctly described. h top = 0.1 mm, h bottom = 0.5 mm, and the core thickness is h core = 11.4 mm. The two faces have the following material data: E 1 = 70000 M P a, E 2 = 71000 M P a, E 3 = 69000 M P a, G 12 = G 13 = G 23 = 26000 M P a, ν 12 = ν 13 = ν 23 = 0.3. The core made of metallic foam has the following data:
The results of local values at top and bottom surfaces are listed in Table 8 . It can be observed that although moderately thick plates are considered a/h = (100/12), lower order theories as ET 1 a lead to completely wrong results. Very accurate models are required to capture the stress distribution in the two faces, and the importance of the zig-zag term has to be underlined for this type of layered structure.
Conclusions
This paper has dealt with the static analysis of composite and sandwich plates by means of a two- 4. The cosine series are more accurate with thin plate, a/h = 100. For thicker plates the cosine contribution is important for the description of transverse normal stress.
5. The sine series are effective for thicker plates. For thin plates the sine series can reach good results except for the transverse normal stress.
6. The exponential series lead to good results for all cases, especially for thicker plates.
7. For sandwich plates with weak core more accurate models are required. Using zig-zag models it is possible to take into account the discontinuous behaviour of the sandwich layered structures. 
Tables
ET 4 √ √ √ √ √ . . . . . . . . . . . . . . . . ES5 √ . . . . . √ √ √ √ √ . . . . . . . . . . ET 1S1 √ √ . . . . √ . . . . . . . . . . . . . . ET 1C1 √ √ . . . . . . . . . √ . . . . . . . . . EExp3 √ . . . . . . . . . . . . . . √ √ √ . . . ET 1Exp2 √ √ . . . . . . . . . . . . . √ √ . . . . EExp4 √ . . . . . . . . . . . . . . √ √ √ √ . . ET 1Exp3 √ √ . . . . . . . . . . . . . √ √ √ . . . ES3C3 √ . . . . . √ √ √ . . √ √ √ . . . . . . . ES4C4 √ . . . . . √ √ √ √ . √ √ √ √ . . . . . . ET 1S1C1 √ √ . . . . √ . . . . √ . . . . . . . . . ET 1S2C2 √ √ . . . . √ √ . . . √ √ . . . . . . . . ET 3Z √ √ √ √ . √ . . . . . . . . . . . . . . . ES4Z √ . . . . √ √ √ √ √ . . . . . . . . . . . ES5Z √ . . . . √ √ √ √ √ √ . . . . . . . . . . ET 1S2Z √ √ . . . √ √ √ . . . . . . . . . . . . . ET 1S3Z √ √ . . . √ √ √ √ . . . . . . . . . . . . ET 1C2Z √ √ . . . √ . . . . . √ √ . . . . . . . . EExp5Z √ . . . . √ . . . . . . . . . √ √ √ √ √ . EExp6Z √ . . . . √ . . . . . . . . . √ √ √ √ √ √ ET 1Exp4Z √ √ . . . √ . . . . . . . . . √ √ √ √ . . ET 1Exp5Z √ √ . . . √ . . . . . . . . . √ √ √ √ √ . ES4C4Z √ . . . . √ √ √ √ √ . √ √ √ √ . . . . . . ET 1S3C3Z √ √ . . . √ √ √ √ . . √ √ √ . . . . . . .
